Abstract. Let q be a prime power. We determine all permutation trinomials of F q 2 of the form ax + bx q + x 2q−1 ∈ F q 2 [x]. The subclass of such permutation trinomials of F q 2 with a, b ∈ Fq was determined in a recent paper [6] .
Introduction
For a prime power q, let F q denote the finite field with q elements. A polynomial f ∈ F q [x] is called a permutation polynomial (PP) of F q if it induces a permutation of F q . In a recent paper [6] , all permutation trinomials of F q 2 of the form f = ax + bx q + x 2q−1 ∈ F q [x] were determined. (Note the assumption that a, b ∈ F q .) In fact, [6] gives explicit conditions on a, b ∈ F q that are necessary and sufficient for f to be a PP of F q 2 . The motivation for studying this type of trinomials was to solve a related problem about another class of PPs of finite fields; we refer to the reader to [3, 6] for the details.
In the present paper, we consider the same type of trinomials f = ax+bx q +x 2q−1 but with a, b ∈ F q 2 . We find explicit conditions on a and b that are necessary and sufficient for f to be a PP of F q 2 . The results appear in Section 2 as Theorems A and B, which cover the odd q and even q cases separately. Thus we have a complete determination of permutation trinomials of F q 2 of the type ax + bx q + x 2q−1 . The proofs of Theorems A and B are given in Sections 3 and 4, respectively. The basic strategy and the general plan for the proofs in the present paper are the same as those of [6] . The necessity of the conditions is obtained through the computation of the power sums x∈F q 2 f (x) s for suitable s; the sufficiency of the conditions is proved by establishing the uniqueness of the solution x in F q 2 of the equation f (x) = y with y ∈ F q 2 . However, certain parts of the proofs in [6] do not work without the assumption that a, b ∈ F q . The proofs of the present paper rely on some new techniques which allow us to overcome the difficulties that cannot be resolved by simple adaptations of the method of [6] . For example, a p-adic method is used to capture the information of the discriminant of a polynomial lost in characteristic 2. Similar to the situation in [6] , the proofs in the present paper are very much dependent on computations. A highlight of the computations is equations (3.23) and (3.25) where mysterious factorizations are found with computer assistance. For the computations that are similar to those of [5, 6] , we will be brief and we refer the reader to [5, 6] for the details.
There are numerous classes of permutation trinomials over finite fields in the literature, some of which have profound connections to other areas. We refer the reader to a recent survey [7] and the references therein. To the author's best knowledge, the results of the present paper are the only instance where a (nontrivial) type of permutation trinomials is completely determined without additional assumptions on the coefficients. It is our hope that the solution of the problem considered here can be a step stone leading to the determination of similar types of permutation trinomials. The trinomial ax + bx q + x 2q−1 can be expressed as xh(x q−1 ), where h = a + bx + x 2 . More generally, PPs of F q of the form x r h(x (q−1)/d ), where r > 0 and d | q − 1, have been the focus of several studies [1, 2, 9, 10, 11, 12, 13, 14, 15] . It is also our hope that the present paper can provide some insight for future work on this type of PPs.
Through out the paper, the letters x,z denote indeterminates. The algebraic closure of a field F is denoted by F .
During the preparation of the present paper, the author was informed by M. Zieve that he found several classes of permutation trinomials of F q 2 of the form ax + bx q + x 2q−1 [16] . His approach, which is entirely different from ours, employs linear fractional functions over F q 2 that map µ q+1 = {x ∈ F q 2 : x q+1 = 1} to either µ q+1 or F q ∪{∞}. It is a pleasant surprise that the five classes of permutations trinomials in [16, Theorem 1.1], after a suitable parameterization, comprise precisely the PPs in Theorems A and B of the present paper. Therefore, [16] has provided an alternate proof of the sufficiency of the conditions in Theorems A and B.
Theorems A and B
The results of the paper are the following two theorems which completely determine the permutation trinomials of F q 2 of the form ax + bx q + x 2q−1 .
, where q is odd. Then f is a PP of F q 2 if and only if one of the following is satisfied.
, where q is even. Then f is a PP of F q 2 if and only if one of the following is satisfied.
The proofs of Theorems A and B, to be given in Sections 3 and 4 separately, have parallel structures. Moreover, for a considerable portion of both proofs, the arguments and computations are valid for all q (even or odd); the conclusions derived in one proof will be allowed to be used in the other. First assume that f is a PP of F q 2 and we show that (−a)
Since f is a PP of F q 2 , by Hermite's criterion,
Letting α = 1 in (3.2), we have f (x) s = 0 by
f (x) s = 0 unless α is odd. So we also assume that α is odd. Put
If we only assume that t ∈ F q , the above calculation (from the third line) becomes
Case 3. Assume that a = 0, b = 0. In (3.27) let α = q − 1 and β = 0. We have
So f is not a PP of F q 2 .
Case 4. Assume that ab = 0, a = b 1−q . In this case, we show that f is a PP of F q 2 if and only if 1 − 4a
To prove that f is a PP of F q 2 , we assume that f (x) = y, x, y ∈ F q 2 , and we show that x uniquely determined by y. First consider y = 0. Note that
Thus t is uniquely determined by y and hence x is uniquely determined by y. Now consider y = 0. We claim that x = 0. Assume to the contrary that there exists x = 0. Then
where
Raising both sides of (3.4) to the power q − 1 gives
and (3.3) becomes 2b
− 1 (by Lemma 3.1).
Hence 1 + 4z is a square of F * q . Note that since z ∈ F q , we have z = − a b 2 . This concludes the proof of Theorem A under the assumption ab(a − b 1−q ) = 0.
The following lemma, used in the above proof, is a generalization of [5, Lemma 5.1] in odd characteristics.
Lemma 3.1. Let q be an odd prime power. Then in F p [x] , where p = char F q , we have
2 , the coefficient of x l in the right side of (3.6) equals (in F p )
(In the above, we used the formula 2
, which is easily proved by induction.)
Remark. Lemma 3.1 can also be derived from Lemma 4.1.
The case ab(a
2 , which is assumed to be a square of F * q . Thus b ∈ F q and from b 2 − a 2 b 1−q − 3a = 0, we derive that a = 1 = b 1−q , which is a contradiction.
which is equivalent to
Since
(factorization found by computer)
which is a square of F q . Thus by (3.7), (a + b + 1)
and hence (3.10)
2 . Combining (3.7) and (3.10) gives
Squaring both sides of the above equation, we have
which implies ∆ = 0 by (3.8) . Now the fourth line of (3.9) gives −3a+a 2 +ab+b 2 = 0, that is,
Thus a + b ∈ F q . Since x / ∈ F q , we have x q−1 = −1 by (3.10). Now (3.7) becomes
Since ∆ = 0, (3.9) gives (3.13)
Thus LHS of (3.12)
and hence
Combining (3.11) and (3.15) gives −3 = 1, which is a contradiction.
3
• We now prove that f is a PP of F q 2 . We may assume b ∈ F q 2 \ F q . (If b ∈ F q , then a ∈ F q and we are done by [6, Theorem A].) Write
and a b 2 = e ∈ F q , i.e., a = eb 2 .
Then 1 − 4e is a square of F * q . We have
Thus 1 + e 2 c − 3e = 0, i.e., (3.16) c = 3e
Let z, w ∈ F q 2 satisfy
We show that z is uniquely determined by w. If w ∈ (a + b + 1)F q , by 2 • , z ∈ F q . Then (3.17) gives z = w/(a + b + 1). So we assume w / ∈ (a + b + 1)F q ; it follows that z / ∈ F q . Eq. (3.17) is equivalent to (3.18) az 2 + bz q+1 + z 2q = zw.
where u, x ∈ F q , v, y ∈ F * q . We have Also, zw = (x + yb)(u + vb) = ux + cvy + vx + (u + dv)y b. 
(3.21)
It suffices to show that g has at most one root in
, where
q , then the uniqueness of the root of g in F q implies x1 y1 = x2 y2 , that is, z 2 = tz 1 for some t ∈ F * q . Then f (z 1 ) = f (z 2 ) = f (tz 1 ) = tf (z 1 ) and hence t = 1.)
We claim that −u − deu + v + cev = 0. Otherwise, we have
Then by 2 • , z ∈ F q , which is contrary to our assumption. Using the relation c = 3e 16) ), we find (with computer assistance) that the discriminant of g is given by In (3.23), 1−4e is a square of F * q and 4c+d 2 is a nonsquare of F q (otherwise b ∈ F q ). So if Θ = 0, then D(g) is a nonsquare of F q . It follows that g has at most one root in
, which has at most one root in F q . This completes the proof of the sufficiency part of Theorem A under the assumption ab(a − b 1−q ) = 0.
3.3.
The case ab(a − b 1−q ) = 0, necessity. Let s = α + βq > 0, where 0 ≤ α, β ≤ q − 1. We have The following lemma holds for all q (even or odd). Eq. (3.28) is used here for the proof of Theorem A; Eq. (3.29) will be used in the proof of Theorem B.
Lemma 3.2. Assume that a, b ∈ F * q 2 are such that
, and for q > 2,
(3.29)
Proof. The computations for (3.28) and (3.29) are similar to those in [6, §3.3 and Appendix A]. Therefore we only give a sketch here. Put z = −a/b 2 ∈ F q . Letting α = 1 and β = q − 2 in (3.27), we have
The right side of the above can be expressed in terms of
where u, v ≥ 0 are small integers. (In this case 0 ≤ u, v ≤ 1.) We find that Case 2. Assume that a = 0, b = 0. By (3.1) with s = 0 + (q − 1)q, we have
Therefore f is not a PP of F q 2 .
Case 3. Assume that a = 0, b = 0. Let α = q − 1 and β = 0 in (3.27), we have
So f is not a PP of F q 2 . . Let x, y ∈ F q 2 satisfying f (x) = y. We show that x is uniquely determined by y.
First assume y = 0. We
Hence t is uniquely determined by y and so is x.
Next assume y = 0. We claim that x = 0. Otherwise we have 
3
• We claim that for z ∈ F q 2 , f (z) ∈ (a + b + 1)F q implies z ∈ F q . Assume to the contrary that there exists z ∈ F q 2 \ F q such that f (z) = w ∈ (a + b + 1)F q . Write z = x + yb and w = u + vb, where x, y, u, v ∈ F q , y = 0. Then by (3.22), which also holds for even q, we have First assume u = 0. The relation (4.3) allows us to eliminate the x 2 and x terms in (3.19); the result is
Use the relations v = e(de + 1)u and c = e −1 + e −2 in (4.4) and cancel uy. We have
Making the substitution (4.5) in the first equation of (3.19) gives (4.6)
However,
Thus by (4.6), y / ∈ F q , which is a contradiction. Next assume u = 0. We have
• Let z, w ∈ F q 2 satisfy f (z) = w. We show that z is uniquely determined by w. Write z = x + yb and w = u + vb, where x, y, u, v ∈ F q satisfy (3.19).
If u(de + 1) = v(ce + 1), by (3.22), w ∈ (a + b + 1)F q . By 3
• , z ∈ F q , and hence z = w/(a + b + 1), which is unique. Therefore we assume u(de + 1) = v(ce + 1). It follows from (3.22) that w / ∈ (a + b + 1)F q and hence z / ∈ F q . The polynomial g in (3.21) is cubic. It suffices to show that g has at most one root in 3 for some ǫ ∈ F * q and r ∈ F q . So g has at most one root in F q .
4.3.
The case ab(a − b 1−q ) = 0, necessity.
Lemma 4.1. Let q be any prime power. Let z be a transcendental over F p (p = char F q ) and write x 2 + x − z = (x − r 1 )(x − r 2 ), r 1 , r 2 ∈ F p (z). Then we have The proof of Theorem B is now complete.
